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Abstract 

For an oriented knot diagram D, the warping degree d(D) is the 
smallest number of crossing changes which are needed to obtain the 
monotone diagram from D in the usual way. We show that d{D) + 
d(—D) + 1 is less than or equal to the crossing number of D. Moreover 
the equality holds if and only if D is an alternating diagram. For a knot 
K, we also estimate the minimum of d(D) + d{—D) for all diagrams 
D of if with c(D) = c{K). 

1 Introduction 

Several concepts of this section are due to Kawauchi [Tj. Let D be an 
oriented knot diagram. Let a be a point on D which is not any crossing 
point. We call it a base point of D. We denote by D a the pair of D and a. 
A crossing point of D a is a warping crossing point if we meet the point first 
at the under-crossing when we go along the oriented diagram D by starting 
from a. For example, in the diagram in Figure dj q is a warping crossing 
point of D a , and p, r are non- warping crossing points of D a . In relation to 
the warping crossing point, we define the warping degree. 



Definition 1.1. The warping degree of D a , denoted by d(D a ), is the number 
of warping crossing points of D a . The warping degree of D, denoted by d(D), 
is the minimal warping degree for all base points of D. 
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Figure 1: 



Here is an example of d(D). 
Example 1.2. 




As we can see from the example, the warping degree depends on the orien- 
tation. The pair D a is monotone if d(D a ) = 0. For example, D a depicted 
in Figure [2] is monotone. Note that a monotone diagram is a trivial knot 
diagram. 




Figure 2: 



The following theorem is our main theorem. 

Theorem 1.3. Let D be an oriented knot diagram which has at least one 
crossing point. Then we have the following inequality: 

d(D) + d(-D) + 1 < c(D). 

Further, the equality holds if and only if D is an alternating diagram. 
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The rest of this paper is organized as follows. In section 2, we show some 
properties of the warping degree which are needed to prove Theorem 11.31 In 
section 3, we prove Theorem 11.31 and show the table of warping degrees for 
all standard knot diagrams based on Rolfsen's table up to nine crossings j6] 
and the warping degree of a standard torus knot diagram. In section 4, an 
application of Theorem 11.31 is given. 

2 Properties of the warping degree 

We show some interesting properties of the warping degree. Let — D be 
the inverse of D. Let c(D) be the crossing number of D. Then we have the 
following lemma. 

Lemma 2.1. Let D a be a diagram with a base point a. Then we have 



Before proving Lemma 2.1, we introduce the method of judging locally 
whether a crossing point of an oriented knot diagram with a base point is a 
warping crossing point or not. Let D be an oriented knot diagram. Let a 
be a base point of D. We notice that D a is divided into c(D) + 1 arcs by 
cutting the base point and under-crossings. Then we label them along the 
orientation from the arc which has the base point as initial point as shown in 
Figure [3] . Every crossing point consists of two or three arcs. We label each 
crossing point via the indices of the arcs in the following definition. 



d(D a ) + d(-D a ) = c(D). 




Figure 3: 
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Definition 2.2. Let p be a crossing point of D a which consists of an over-arc 
with the index a and the other two arcs with the index /3, 7. We define the 
cutting number of p in D a , denoted by cuto a (p), by the following formula: 

cut Da (p) = 2a-P-j. 



a 



a 

Figure 4: 

Note that the cutting number is always odd. Suppose (3 is smaller than 
7, namely 7 = /3+ 1. Then we have cutr> a (p) = 2 (a — /3) — 1 by substituting 
/3 + 1 for 7. Hence cutD a {p) is odd. By the definition of the warping crossing 
point, we have the following lemma: 

Lemma 2.3. A crossing point p is a warping crossing point of D a if and 
only ifcutjj a (p) > 0, and p is a non-warping crossing point of D a if and only 
tfcut Da (p) < 0. 

We prove Lemma 2.1. 

Proof of Lemma 2.1. Let (k±, k 2 , ■ ■ ■ , k n ) be the ordered set of arcs of D a , 
where ki has the number i. Let (h,h, ■ ■ ■ , In) be the ordered set of arcs of 
—D a as above. Then we notice that ki and l n +i-i are the same arc except 
the orientations, for % = 1,2, ... ,n. Let p be a crossing point of D a in Figure 
4. Then we have the following equality: 

cu*_u (p) = 2(n + 1 - a) - (n + 1 - /3) - (n + 1 - 7) 
= -(2a -0-7) 
= -cut Da (p). 
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Therefore p is a non-warping crossing point of — D a if and only if p is a 
warping crossing point of D a . Hence we obtain that 

c(D) = d(D a ) + #{non-warping crossing points of D a } 
= d(D a ) + #{warping crossing points of — D a } 
= d{D a ) + d{-D a ). 

This completes the proof. □ 
We apply Lemma 2.1 to the mirror image in the following example. 

Example 2.4. Let D a be an oriented knot diagram with a base point a, and 
D* the mirror image of D a . Then we observe that a crossing point p is a 
non-warping crossing point of D* if and only if p is a warping crossing point 
of D a . By Lemma 2.1, p is a warping crossing point of D* if and only if p is 
a warping crossing point of — D a . Therefore we have d(D*) = d(—D). 

For two base points which are put across a crossing point, we have the 
following lemma: 

Lemma 2.5. (1) For the base points a\, 02 which are put across an over- 
crossing in Figure 5, we have 

d(D a2 ) = d(D ai ) + 1. 







/ 


ai 


ai 





Figure 5: 
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(2) For the base points a\, which are put across an under- crossing in 
Figure 6, we have 



d(D aa )=d{D ai )-l. 



Figure 6: 



By Lemma 2.5, we obtain the following lemma: 



Lemma 2.6. Let D be an oriented alternating knot diagram. Let a be a base 
point of D which is just before an over-crossing as shown in Figure 7, then 
we have the following equality: 

d(D a )=d(D). 



i — ^ 

a 

Figure 7: 



3 Proof of main theorem 

We prove Theorem 11.31 in this section. 
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Proof of Theorem \1.3[ The following inequality holds for an arbitrary oriented 
knot diagram D with c(D) > 1: 

ma,xd(D a ) — min d(D a ) > 1. (1) 

a a 

The equality holds if D is an alternating diagram, by Lemma 2.5. On the 
other hand, if the equality holds, D is an alternating diagram, namely there 
do not exist any two over-crossings or two under-crossings which are next to 
each other as shown in Figure [8] . 

_j l_ 

i i 

Figure 8: 



Let a and a' be base points which satisfy d(D a ) = d(D) and d(—D a >) = 
d(—D). Then we notice that 

m&xd(D a ) = d(D a r), 

a 

because a' satisfies 

d(-D a >) = mmd(-D a ) 

a 

and a warping crossing point of — D a is a non- warping crossing point of D a . 
Hence the inequality ([T|) is equivalent to the following inequality: 

d{D a ,)-d{D a ) > 1, 

and this is equivalent to 

d(D a ) + l<d(D a ,). 
By adding d(—D a >) to each side, we have 

d(D a ) + d(-D a ,) + 1 < d{D a ,) + d{-D a r). 
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By Lemma 2.1 and the conditions of a and a', we obtain the following in- 
equality: 

d(D) + d(-D) + 1 < c(D), 

where the equality holds if and only if D is an alternating diagram. □ 
Here is an example of Theorem II. 31 

Example 3.1. This table lists all standard knot diagrams based on Rolfsen's 
knot table with crossing number 9 or less [6]. In this table, D(K) denotes the 
standard diagram of K with the orientation which has the smaller warping 
degree, and a knot marked with f is non-alternating. 



K 


d(D(K)) 


d(-D(K)) 




3i 


1 


1 




4i 


1 


2 




5, 


2 


2 


i = 1,2 


6, 


2 


3 


i = 1,2,3 


7i 


3 


3 


z = l,2,...,6 


7 7 


2 


4 




8, 


3 


4 


z = 1,2,. ..,17 


8l8 


2 


5 




819 t 


3 


3 




820 t 


2 


3 




821 1 


2 


2 




% 


4 


4 


i = 1, 2, . . . , 13, 16, 18, 20, 21, 23, 25, 27, 28, 
29,30,33,35,36,38,39,40 




3 


5 


i = 14, 15, 17, 19, 22, 24, 26, 31, 32, 34, 37, 41 


9i t 


3 


3 


i = 42,44,45,46 


9i t 


3 


4 


% = 43,49 


9 47 t 


2 


5 




9 48 t 


2 


3 





In the following lemma, we determine the warping degree of the standard 
diagram of a torus knot. 
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Lemma 3.2. Let T(p, q) be (p, q) -torus knot (0 < p < q, p and q are coprime) 
and D(p,q) the standard diagram ofT(p,q) with the orientation as shown in 
Figure Then we have the following: 



(1) d(D(p,q)) = d(-D(p,q)) 



(p-i)(g-i) 

2 



(2) c(D(p, q)) - d(D(p, q)) - d(-D(p, q))=p-l. 



D(5,6) 




Figure 9: 



Proof. In D(p, q), there are (p — 1) over-crossings and (p — 1) under-crossings 
alternately. By Lemma 2.5, a base point which is just before (p — 1) over- 
crossings realizes the warping degree of the diagram. For example, base 
points a and b in Figure [9] satisfy 

d(D(p,q) a )=d(D(p,q)), 
d(-D(p,q) b )=d(-D(p,q)), 

respectively. Considering the upside-down image of D(p,q), we have 

d(D(p,q)) = d(-D(p,q)), 

that is, 

d(D(p,q) a )=d(-D(p,q) h ). (2) 
With respect to the crossing number of the diagram, we have 

d(D(p, q) a ) + d(-D(p, q) a ) = c(D) = (p - l)q (3) 
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by Lemma 2.1. And by Lemma 2.5, we have the following relation 

d(-D(p, q) b ) = d(-D(p, q) a ) - (p - 1). (4) 
By the formula (2) and (4), we have 

d(D(p, q) a ) = d(-D(p, q) a ) - (p - 1). (5) 
And by the formula (3) and (5), we have 

2d(D(p,q) a ) = (p-l)q-(p-l). 
Hence we obtain the warping degree 

Hence we have 

c(D(p,q)) - d(D(p,q)) - d(-D(p,q)) 

(p-l)(q-l) 
= (p-l)q-~ y -x2 = p-l. 

This means that c(D) — d(D) — d(—D) depends only on p in this case. □ 



4 To a knot invariant 

We apply Theorem 11.31 to knots. For a knot K we define an invariant e(K) 
of K by the following formula: 

e(K) = min{d(D) + d(—D)\D : an oriented diagram of K with c(D) = c(K)}. 
Then we obtain the following theorem: 

Theorem 4.1. Let K be a non-trivial knot, and c(K) the crossing number 
of K. Then we have the following (1) and (2). 

(1) We have an inequality e(K) + 1 < c(K). Further, the equality holds if 
and only if K is a prime alternating knot. 
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(2) For any positive integer n, there exists a prime knot K such that 

c(K) - e(K) = n. 



Proof. First, we show the equality of (1). By Theorem 11.31 we have the 
equality 

d{D) + d{-D) + 1 = c{D) (6) 

if and only if D is an alternating diagram. If K is a prime alternating knot, 
then minimal crossing diagrams of K are alternating [3]. Hence we have 
the equality by considering the minimum of the equality (J6j). On the other 
hand, if K is a non-prime alternating knot, then there is a minimal crossing 
non-alternating diagram so that e(K) + 1 < c(K) [2]. Secondly, we look to 
c(T(p,q)) — e(T(p,q)) for the (p, g)-torus knot T(p,q) (0 < p < q) to prove 
(2). Schubert mentioned in [7] (cf. [3]) that 

c(T(p,q)) = (p-l)q. 

Ozawa showed in [5] that the ascending number of T(p, q), which is equal to 
the minimal warping degree for all diagrams of T(p, q) and all orientations, 
is (p — l)(q — l)/2. Then we have 

(p-lXgr-l) (p-l)(g-l) 

e{T(p, q)) = + = (p-l)( q - 1), 

because d(D(p,q)) = d(—D(p,q)). Hence we have 

c(T(p, q)) - e(T(p, q)) = (p - l)q - (p - l)(q - 1) = p - 1. 

□ 
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